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Equivariant Iwasawa theory : an example
Jürgen Ritter · Alfred Weiss ∗
This note is meant to justify a remark made in the introdution of [6℄ aording to whih
the main onjeture of equivariant Iwasawa theory, as formulated in [2, p.564℄, holds when
G = G(K/k) is a pro-l group with an abelian subgroup G′ of index l.
We quikly repeat the general set-up and, in doing so, refer the reader to [5,1℄ for fats and
notation that is taken from our earlier papers on Iwasawa theory. Namely, l is a xed odd
prime number and K/k a Galois extension of totally real number elds, with k/Q and K/k∞
nite, where k∞ is the ylotomi Zl-extension of k. Throughout it will be assumed that
Iwasawa's µ-invariant µ(K/k) vanishes. We also x a nite set S of primes of k ontaining all
primes above ∞ and all those whose ramiation index in K/k is divisible by l.
In this situation it is shown in [5℄ that the main onjeture of equivariant Iwasawa theo-
ry would follow from two kinds of hypothetial ongruenes between values of Iwasawa L-
funtions, and one of these kinds, the so-alled torsion ongruenes, has meanwhile been
veried in [6℄. The purpose of the present paper is to show that the torsion ongruenes al-
ready sue to obtain the whole onjeture in the speial ase when G is a pro-l group with
an abelian subgroup G′ of index l. Before stating the preise theorem we need to reall some
notation (ompare [5,1℄).
Λ∧G is the l-ompletion of the loalization Λ•G whih is obtained from the Iwasawa
algebra ΛG = Zl[[G]] by inverting all entral elements whih are regular in ΛG/lΛG;
Q∧G is the total ring of frations of Λ∧G;
T (Q∧G) = Q∧G/[Q∧G,Q∧G] is the quotient of Q∧G by Lie ommutators;
if G is a pro-l group, then (see [5,2℄ 1)
(LD)
K1(Λ∧G)
L
−→ T (Q∧G)
Det ↓ Tr≃ ↓
HOM(RlG, (Λ
c
∧Γk)
×)
L
−→ Hom∗(RlG,Q
c
∧Γk)
∗
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1RlG is the ring of all (virtual) Ql
c
-haraters of G with open kernel; Γk = G(k∞/k) ; Λ
c
∧Γk = Zl
c
⊗Zl
Λ∧Γk
with Zl
c
the ring of integers in a xed algebrai losure Ql
c
of Ql
1
is the logarithmi diagram dening the logarithmi pseudomeasure
tK/k ∈ T (Q∧G) by Tr(tK/k) = L(LK/k)
where LK/k = LK/k,S ∈ HOM(RlG, (Λ
c
∧Γk)
×) is the Iwasawa L-funtion.
Theorem. With K/k and S as at the beginning and G = G(K/k) a pro-l group, tK/k is
integral (i.e., tK/k ∈ T (Λ∧G)) whenever G has an abelian subgroup G
′
of index l.
As a orollary, by [5, Proposition 3.2℄ and [6, Theorem℄, LK/k ∈ DetK1(Λ∧G) , whih implies
the onjeture (see [3, Theorem A℄), up to its uniqueness assertion. However, SK1(QG) = 1
beause eah simple omponent, after tensoring up with a suitable extension eld of its entre,
beomes isomorphi to a matrix ring of dimension a divisor of l2 by the proof of [2, Proposition
6℄, as the harater degrees χ(1) all divide l. Now apply [7, p.334, Corollary℄.
The proof of the theorem is arried out in 2; before, in a short 1, we introdue restrition
maps
ResG
′
G : T (Q∧G)→ T (Q∧G
′) and ResG
′
G : Hom
∗(RlG,Q
c
∧Γk)→ Hom
∗(RlG
′,Qc∧Γk′)
making the diagram
K1(Λ∧G)
L
−→ T (Q∧G)
Tr
−→ Hom∗(RlG,Q
c
∧Γk)
resG
′
G ↓ Res
G′
G ↓ Res
G′
G ↓
K1(Λ∧G
′)
L
′
−→ T (Q∧G
′)
Tr′
−→ Hom∗(RlG
′,Qc∧Γk′)
ommute for any pair of pro-l groups G = G(K/k) and G′ = G(K/k′) ≤ G suh that [G : G′]
is nite. We remark that replaing ResG
′
G by the natural restrition map,
(resG
′
G f)(χ
′) = f(indGG′χ
′) , f ∈ Hom∗(RlG,Q
c
∧Γk) , χ
′ ∈ RlG
′ ,
does not work, beause indution and Adams operations do not ommute.
1 . Res
Let G = G(K/k) be a pro-l group and G′ = G(K/k′) ≤ G an open subgroup. Reall that
Ψ : Λc∧Γk → Λ
c
∧Γk is the map indued by Ψ(γ) = γ
l
for γ ∈ Γk (ompare [5,1℄) and that ψl
is the lth Adams operation on Rl(−).
Definition. ResG
′
G : Hom
∗(RlG,Q
c
∧Γk)→ Hom
∗(RlG
′,Qc∧Γk′) sends f to
ResG
′
G f =
[
χ′ 7→ f(indGG′χ
′) +
∑
r≥1
Ψr
lr
(f(ψr−1l χ))
]
2 ,
where χ = ψl(ind
G
G′χ
′)− indGG′(ψlχ
′) .
2
A similar denition regarding H0(G;Ql
cG) for nite l-groups G appears in [1℄.
2
To justify the denition we must show that the sum
∑
r≥1 is atually a nite sum. For this,
let {t} be a set of oset representatives of G′ in G, so G = ∪˙ttG
′
, and dene
m(g) = min{r ≥ 0 : gl
r
∈ G′} for g ∈ G .
Then
indGG′χ
′(g) =
∑
t
χ˙′(gt) =
∑
{t:m(gt)=0}
χ′(gt) ,
if, as usual, χ˙′ oinides with χ′ on G′ and vanishes on G \G′. Hene,
χ(g) = (indGG′χ
′)(gl)− indGG′(ψlχ
′)(g)
=
∑
m(glt)=0 χ
′(glt)−
∑
m(gt)=0 χ
′(glt) =
∑
m(gt)=1 χ
′(glt) .
If r0 is suh that G
lr0 ⊂ G′, then ψr0−1l χ = 0 and
∑
r≥1 =
∑r0−2
r=1 , beause the sum
∑
m(gt)=1
is empty when g ∈ Gl
r0−1
.
It remains to show that ResG
′
G f ∈ Hom
∗(RlG
′,Qc∧Γk′) , i.e., Res
G′
G f is a Galois stable ho-
momorphism, ompatible with W-twists (see [5,1℄), and taking values in Qc∧Γk′ . The rst
property is easily heked and the third follows from the seond as in [2, proof of Lemma 9℄.
We turn to twisting.
Let ρ′ be a type-W harater of G′, so ρ′ is inated from Γk′ , and write ρ
′ = resG
′
G ρ with ρ
inated from Γk to G. Then
f(indGG′(ρ
′χ′)) = f(ρ · indGG′χ
′) = ρ♯(f(indGG′χ
′)) = (ρ′)♯(f(indGG′χ
′))
as f(indGG′χ
′) ∈ Qc∧Γk′ . Moreover, sine ψl is multipliative,
ψl(ind
G
G′(ρ
′χ′))− indGG′(ψl(ρ
′χ′)) = ψl(ρ · ind
G
G′χ
′)− indGG′((ρ
′)l · ψlχ
′) = ρl · χ
and thus
Ψr
lr (f(ψ
r−1
l (ρ
l · χ)))) = Ψ
r
lr f(ρ
lr · ψr−1l χ) =
Ψr
lr ((ρ
lr)♯(f(ψr−1l χ))) = ρ
♯( Ψ
r
lr f(ψ
r−1
l χ)) = (ρ
′)♯( Ψ
r
lr f(ψ
r−1
l χ)) .
Lemma 1. The diagram below ommutes. In it, L and L
′
are the lower horizontal maps of
the logarithmi diagram (LD) for G and G′, respetively.
(HD)
HOM(RlG, (Λ
c
∧Γk)
×)
L
−→ Hom∗(RlG,Q
c
∧Γk)
resG
′
G ↓ Res
G′
G ↓
HOM(RlG
′, (Λc∧Γk′)
×)
L
′
−→ Hom∗(RlG
′,Qc∧Γk′) .
Indeed, for f ∈ HOM(RlG, (Λ
c
∧Γk)
×) we get
(ResG
′
G Lf)(χ
′) = (Lf)(indGG′χ
′) +
∑
r≥1
Ψr
lr [(Lf)(ψ
r−1
l χ)]
=˙(Lf)(indGG′χ
′) +
∑
r≥1
Ψr
lr [log(f(ψ
r−1
l χ))−
Ψ
l log(f(ψ
r
l χ))]
= (Lf)(indGG′χ
′) +
∑
r≥1
Ψr
lr log(f(ψ
r−1
l χ))−
∑
r≥2
Ψr
lr log(f(ψ
r−1
l χ))
= (Lf)(indGG′χ
′) + Ψl log(f(χ)) =
1
l log
f(indχ′)l
Ψ(f(ψl indχ′))
+ Ψl log
f(ψlindχ
′)
f(indψlχ′)
= 1l log
f(indχ′)l·Ψf(ψlindχ
′)
Ψf(ψlindχ′)·Ψf(indψlχ′)
= 1l log
f(indχ′)l
Ψf(indψlχ′)
= (L′resG
′
G f)(χ
′) .
3
The dotted equality sign, =˙, is due to the ongruene f(χ)
l
Ψf(ψlχ)
≡ 1 mod lΛc∧Γk (see [5,1℄)
and to χ(1) = 0, so (ψr−1l χ)(1) = 0 for every r. In fat, with χ˜
def
= ψr−1l χ, we have
f(χ˜)l ≡ Ψf(ψlχ˜) mod lΛ
c
∧Γk =⇒ f(χ˜)
ls ≡ Ψsf(ψsl χ˜) ≡ Ψ
sf(χ˜(1)1) = 1 mod lΛc∧Γk
for big enough s. Thus (Lf)(χ˜) = log(f(χ˜))− Ψl log(f(ψlχ˜)) as `log' onverges on an element
a power of whih is ≡ 1 mod lΛc∧Γk.
The proof of Lemma 1 is omplete.
By means of the trae isomorphism Tr : T (−) → Hom∗(−) we next transport ResG
′
G to
ResG
′
G : T (Q∧G)→ T (Q∧G
′), i.e., the diagram
(TD)
T (Q∧G)
Tr
−→ Hom∗(RlG,Q
c
∧Γk)
ResG
′
G ↓ Res
G′
G ↓
T (Q∧G
′)
Tr′
−→ Hom∗(RlG
′,Qc∧Γk′)
ommutes.
Lemma 2.
K1(Λ∧G)
L
→ T (Q∧G)
resG
′
G ↓ Res
G′
G ↓
K1(Λ∧G
′)
L
′
→ T (Q∧G
′)
ommutes and ResG
′
G tK/k = tK/k′ .
The rst laim follows from gluing together the diagrams (LD), (HD), (TD) and applying [2,
Lemma 9℄; the seond laim follows from resG
′
G LK/k = LK/k′ [2, Proposition 12℄.
The next lemma already onentrates on the ase when G′ is abelian and [G : G′] = l. We set
A = G/G′ = 〈a〉 and observe that a ats on G′ by onjugation.
Lemma 3. Let τ : Λ∧G → T (Λ∧G) denote the anonial map and g ∈ G. If G
′
is abelian
3
and of index l in G, then
ResG
′
G (τg) =
{ ∑l−1
i=0 g
ai if g ∈ G′
gl if g /∈ G′ .
To see this, we apply Tr′ to both sides and employ the formula Tr′(τ ′g)(χ′) = χ′(g)g with g
denoting the image of g ∈ G′ in Γk′ (see [5,1℄) :
1. (Tr′ResG
′
G (τg))(χ
′) = ResG
′
G (Tr(τg))(χ
′) = Tr(τg)(ind GG′χ
′) + Ψl Tr(τg)(χ) sine G
l ⊂
G′. Now, if g ∈ G′, Tr(τg)(ind GG′χ
′) =
∑l−1
i=0 χ
′(ga
i
)g and χ(g) = 0. On the other hand,
if g /∈ G′, Tr(τg)(ind GG′χ
′) = 0 and Ψl Tr(τg)(χ) =
1
l ind
G
G′χ
′(gl)gl = χ′(gl)gl sine we
may hoose a = g mod G′.
2. Tr′(
∑l−1
i=0 g
ai)(χ′) =
∑l−1
i=0 χ
′(ga
i
)g, sine ga
i
and g have the same image in Γk and so in
Γk′ . On the other hand, Tr
′(gl)(χ′) = χ′(gl)gl .
3
whene τ ′ : Λ∧G
′
→ T (Λ∧G
′) is the identity map
4
The lemma is established.
Remark. The lemma has two immediate generalizations. Firstly, if Γ (≃ Zl) is a entral
subgroup of G ontained in G′, then the elements of T (Λ∧G) an uniquely be written as∑
g βgτ(g) with βg ∈ Λ∧Γ and g running through a set of preimages of onjugay lasses of
G/Γ (see [3, Lemma 5℄). For eah summand we have
ResG
′
G (βgτ(g)) =
{ ∑l−1
i=0 βgg
ai if g ∈ G′
Ψ(βg)g
l if g /∈ G′ .
Seondly, if G′ is no longer abelian, then the equality in the lemma has to be replaed by
ResG
′
G (τg) =
{ ∑l−1
i=0 τ
′(g)a
i
if g ∈ G′
τ ′(gl) if g /∈ G′ .
2 . Proof of the theorem
In this setion G = G(K/k) is a pro-l group and G′ = G(K/k′) an abelian subgroup of index l
(K/k is as in the introdution). As before, A = G/G′ = 〈a〉 , and we set Aˆ = 1+a+ · · ·+al−1 .
If G itself is abelian, the theorem holds by [4,5, Example 1℄, whene we assume that G is
non-abelian.
Lemma 4. Assume that there exists an element x ∈ T (Λ∧G) suh that defl
Gab
G x = defl
Gab
G tK/k
and ResG
′
G x = Res
G′
G tK/k . Then tK/k ∈ T (Λ∧G).
Denoting by Kab the xed eld of the nite group [G,G], we rst observe, beause of [5,
Lemma 2.1℄ and Lemma 2, that deflG
ab
G tK/k = tKab/k and Res
G′
G tK/k = tK/k′ are integral :
indeed, a logarithmi pseudomeasure is integral whenever the group is abelian.
From [4, Proposition 9℄ we obtain a power ln of l suh that lntK/k ∈ T (Λ∧G). Consider the
element x˜ = ln(x − tK/k) ∈ T (Λ∧G). It satises defl
Gab
G x˜ = 0 = Res
G′
G x˜ . We are going to
prove x˜ = 0 whih implies x = tK/k beause Hom
∗(RlG,Q
c
∧Γk), and so T (Q∧G), is torsionfree;
whene the the lemma will be veried.
The proof of x˜ = 0 employs the ommutative diagram shown in the proof of [5, Proposition
2.2℄ :
1 + a∧ ֌ (Λ∧G)
×
deflG
ab
G
։ (Λ∧G
ab)×
↓
ˇ
L ↓ Lab ↓
τ(a∧) ֌ T (Λ∧G)
deflG
ab
G
։ Λ∧G
ab ,
in whih L is extended to (Λ∧G)
×
by means of the anonial surjetion (Λ∧G)
×
։ K1(Λ∧G)
and a∧ = ker(Λ∧G → Λ∧G
ab). The diagram yields a v ∈ (Λ∧G)
×
with L(v) = x˜, simply
beause deflG
ab
G x˜ = 0. Combining diagram (HD) of Lemma 1 and that appearing in Lemma
2, we arrive at
L
′(resG
′
G (Det v)) = Res
G′
G (L(Det v)) = Res
G′
G (TrL(v)) = Tr
′(ResG
′
G x˜) = 0
5
and, with resG
′
G replaed by defl
Gab
G , at
L
ab(deflG
ab
G (Det v)) = defl
Gab
G (L(Det v)) = defl
Gab
G (TrL(v)) = Tr
ab(deflG
ab
G x˜) = 0 ,
sine L and Tr ommute with deation.
The rst displayed formula in [3, p.46℄ now implies that resG
′
G (Det v) and defl
Gab
G (Det v) are
torsion elements in HOM(RlG
′, (Λc∧Γk′)
×) and HOM(Rl(G
ab), (Λc∧Γk)
×), respetively. Mo-
reover, the rst paragraph of the proof of [5, Proposition 3.2℄ therefore shows that Det v
itself is a torsion element in HOM(RlG, (Λ
c
∧Γk)
×). Consequently, for some natural number
m, (Det v)l
m
= 1, so lmL(Det v) = 0 = lmTr(Lv) = Tr(lmx˜) , and x˜ = 0 follows, as has been
laimed.
We now introdue the ommutative diagram
τ(a∧) ֌ T (Λ∧G) ։ Λ∧G
ab = T (Λ∧G
ab)
Res ↓ ResG
′
G ↓ Res ↓
b
′
∧ = τ
′(b′∧) ֌ Λ∧G
′ = T (Λ∧G
′) ։ Λ∧(G
′/[G,G]) = T (Λ∧(G
′/[G,G]))
with exat rows (of whih the upper one has already appeared in the diagram shown in the
proof of the preeding lemma). The images of all vertial maps are xed elementwise by A
beause of Lemma 3. Thus we an turn the diagram into
(D)
τ(a∧) ֌ T (Λ∧G) ։ Λ∧G
ab
Res ↓ ResG
′
G ↓ Res ↓
b
′
∧
A
֌ (Λ∧G
′)A → (Λ∧(G
′/[G,G]))A
↓
ˇ
↓
ˇ
↓
ˇ
Hˆ0(A, b′∧) → Hˆ
0(A,Λ∧G
′) → Hˆ0(A,Λ∧(G
′/[G,G]))
with exat rows and anonial lower vertial maps.
Lemma 5. In (D), the left vertial olumn is exat and the left bottom horizontal map is
injetive.
Proof. The ideal a∧ is (additively) generated by the elements g(c−1) with g ∈ G, c ∈ [G,G] ;
those with g ∈ G′ generate b′∧. We ompute Res
G′
G τ(g(c − 1)), using Lemma 3 :
1. if g ∈ G′, ResG
′
G τ(g(c − 1)) =
∑l−1
i=0((gc)
ai − ga
i
) =
∑l−1
i=0
(
g(c − 1)
)ai
∈ trAb
′
∧ ,
2. if g /∈ G′, ResG
′
G τ(g(c − 1)) = Res
G′
G (τ(gc) − τ(g)) = (gc)
l − gl = glcAˆ − gl = 0 , sine
(⋆) [G,G]Aˆ = 1
by [G,G]=˙[G,G′] and [G,G′]Aˆ = ((G′)a−1)Aˆ = 1 as (a − 1)Aˆ = 0. Here, the dotted
equality sign, =˙, results from the equation
[bg′1, b
ig′2] = (g
′
1)
−1b−1(g′2)
−1b−ibg′1b
ig′2 = (g
′
1)
−1(g′2
−1)b(g′1)
big′2 =(
(g′1)
−1(g′1)
bi
)(
(g′2
−1)bg′2
)
∈ [G′, G] · [G,G′] ≤ [G,G′]
6
for g′1, g
′
2 ∈ G
′
and b ∈ G \G′, beause G′ is abelian and normal in G.
Thus, ResG
′
G τ(a∧) = trAb
′
∧ , whih proves the rst laim of the lemma.
The seond laim follows from Hˆ−1(A,Λ∧(G
′/[G,G])) = 0 and this in turn from the trivial
ation of A on G′/[G,G] and the torsion freeness of Λ∧(G
′/[G,G]).
Lemma 5 is established.
As seen in diagram (D), there is an element x1 ∈ T (Λ∧G) with defl
Gab
G x1 = tKab/k. We dene
x′1 ∈ Λ∧G
′
by ResG
′
G x1 = tK/k′ + x
′
1. Beause of [5, Lemma 3.1℄, x
′
1 is xed by A. We want
to hange x1 modulo τ(a∧) so that the new x
′
1 beomes zero: then we have arrived at an
x ∈ T (Λ∧G) as assumed in Lemma 4 and the theorem will have been onrmed.
The above hange is possible if, and only if, x′1 ∈ Res
G′
G (τ(a∧)) and so, beause of Lemma 5,
if x′1 is in T
′ def= trA(Λ∧G
′) , the A-trae ideal of the A-ation on Λ∧G
′
.
Proposition. x′1 ∈ T
′
is ahievable.
This is seen as follows. From [5,1℄ we reall the existene of pseudomeasures λKab/k, λK/k′ in
K1(Λ∧G
ab) and K1(Λ∧G
′), respetively, satisfying Det λKab/k = LKab/k, Det λK/k′ = LK/k′
(so Lab(λKab/k) = tKab/k, ,L
′(λK/k′) = tK/k′). From [5, 2. of Proposition 3.2℄ and [6, Theorem℄
we know that
ver(λKab/k)
λK/k′
≡ 1 mod T ′
where `ver' is the map indued from the transfer homomorphism Gab → G′.
Let y ∈ (Λ∧G)
×
have deflG
ab
G y = λKab/k and set res
G′
G y = λK/k′ · y
′
. Then
y′ =
resG
′
G y
λK/k′
≡
ver(λKab/k)
λK/k′
≡ 1 mod T ′
(see the proof of [5, Proposition 3.2℄). Moreover, y′ ∈ 1 + b′∧. Now, x1
def
= L(y) has ResG
′
G x1 =
ResG
′
G L(y) = tK/k′ + x
′
1 with x
′
1
def
= L′(y′), and x′1 ∈ b
′
∧ beause of the ommutativity of
1 + b′∧ ֌ (Λ∧G
′)× ։ (Λ∧(G
′/[G,G]))×
L′ ↓ L′ ↓ L′ ↓
b
′
∧ ֌ Λ∧G
′
։ Λ∧(G
′/[G,G]) .
Hene, the proposition (and therefore the theorem) will be proved, if
(2.0) x′1 = L
′(y′) ∈ T ′.
However, Lemma 5 gives
y′ ∈ (1 + b′∧
A
) ∩ (1 + T ′) = 1 + (b′∧
A
∩ T ′) = 1 + trAb
′
∧
and as L′(y′) = 1l log
y′l
Ψ(y′) (ompare [3, p.39℄), we see that
7
(2.1) L′(y′) ∈ T ′ if y
′l
Ψ(y′) ≡ 1 mod lT
′ .
So it sues to show this last ongruene.
Write y′ = 1 + trAβ
′
with β′ ∈ b′∧. Sine (1 + trAβ
′)l ≡ 1 + (trAβ
′)l mod lT ′, the ongruene
in (2.1) is equivalent to
(2.2) (trAβ
′)l ≡ Ψ(trAβ
′) mod lT ′.
On piking a entral subgroup Γ (≃ Zl) of G and writing β
′ =
∑
g′,c βg′,c g
′(c − 1) with
elements βg′,c ∈ Λ∧Γ, g
′ ∈ G′, c ∈ [G,G], we obtain
(2.2a)
(trAβ
′)l =
(∑
g′,c βg′,ctrA(g
′(c− 1))
)l
≡
∑
g′,c(βg′,c)
l
(
trA(g
′(c− 1))
)l
≡
∑
g′,cΨ(βg′,c)
(
(trA(g
′c))l − (trAg
′)l
)
mod lT ′
and
(2.2b) Ψ(trAβ
′) =
∑
g′,cΨ(βg′,c)
(
trA((g
′c)l)− trA(g
′l)
)
as Ψ and trA ommute. Thus ongruene (2.2) will result from Lemma 6 below, sine then
subtrating (2.2b) from (2.2a) yields the sum
∑
g′,cΨ(βg′,c)
(
(trA(g
′c))l − trA((g
′c)l)− (trAg
′)l + trA(g
′l)
)
≡∑
g′,cΨ(βg′,c)
(
− l(g′c)Aˆ + lg′Aˆ
)
≡
∑
g′,c(−l)Ψ(βg′,c)g
′Aˆ(cAˆ − 1) ≡ 0 mod lT ′ ,
by (⋆) of the proof of Lemma 5.
Lemma 6. (trAg
′)l − trA(g
′l) ≡ −lg′Aˆ mod lT ′ for g′ ∈ G′ .
Proof. Set A˜ = Z/l × A and make M = Maps(Z/l,A) into an A˜-set by dening
m(z,a
i)(x) = m(x− z) · ai. Then
(trAg
′)l = (
l−1∑
i=0
g′
ai
)l =
∑
m∈M
∏
z∈Z/l
g′
m(z)
=
∑
m∈M
g′
P
z∈Z/lm(z)
with
∑
z m(z) read in Z[A].
We ompute the subsums of
∑
m in whih m is onstrained to an A˜-orbit.
If m ∈M has stabilizer {(0, 1)} in A˜, then the A˜-orbit sum is
∑
(z,ai)∈A˜ g
′
P
v∈Z/lm
(z,ai)(v) =
∑
(z,ai)∈A˜ g
′
P
v∈Z/lm(v−z)a
i
=∑
(z,ai) g
′
P
v m(v)a
i
= l
∑
i(g
′
P
v m(v))a
i
= l · trA(g
′
P
v m(v)) ∈ lT ′ .
Note that no m ∈ M is stabilized by (0, ai) with ai 6= 1 : for m(z) = m(0,a
i)(z) = m(z)ai
implies ai = 1. It follows that the stabilizers of the elements with stabilizer dierent from
{(0, 1)} must be yli of order l and dierent from {(0, ai) : 0 ≤ i ≤ l − 1} and therefore
= 〈(1, aj)〉 for a unique j mod l.
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One now heks that for eah j there is exatly one A˜-orbit with stabilizer 〈(1, aj)〉 and that
it is represented by mj , mj(z) = a
jz
. Moreover, {(0, ai) : 0 ≤ i ≤ l − 1} is a transversal of
the stabilizer of mj in A˜.
For eah j, the sum of g′
P
z m(z)
over the A˜-orbit of mj is
∑
i g
′
P
z m
(0,ai)
j (z) =
∑
i g
′
P
z a
jzai
.
If j = 0, this is
∑
i g
′la
i
= trA(g
′l) , aounting for that term in the laim. If j 6= 0, it is∑
i g
′Aˆ·a
i
= lg′Aˆ, and summing over j 6= 0 gives (l − 1)l · g′Aˆ ≡ −l · g′Aˆ mod lT ′ beause
l2 · g′Aˆ = l · trA(g
′Aˆ) ∈ lT ′.
This nishes the proof of Lemma 6.
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